stichting

mathematisch |

centrum MC
AFDELING INFORMATICA IW 216/82 DECEMBER

(DEPARTMENT OF COMPUTER SCIENCE)

P.M.B. VITANYI

AN OPTIMAL SIMULATION OF COUNTER MACHINES

Preprint

kruislaan 413 1098 SJ amsterdam

e
[




Printed at the Mathematical Centre, 413 Kwwisfaan, Amsterdam.

The Mathematical Centre , founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Government through the
Netherlands Onganization for the Advancement of Pure Research (Z.W.0.).

Mathematics subject classification: 68C40, 68C25, 68C05, 94B60, 10-00

CR. Categories: F.l1.1, F.1.3, F.2.3, B.3.2, E.1, E.4.




)

. . . . *
n optimal simulation of counter machines

aul M,B, Vitanyi

BSTRACT

Each multicounter machine can be real-time simulated by an oblivious

ne-head tape unit in logarithmic space. The solution involves a new posi-

-onal representation for (multituples of) integers.
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» INTRODUCTION

The idea of counting, that is, adding or subtracting an unit £
(ven number, to obtain another one, is the substrate of arithmetic
f all of mathematics. Thus, it is frequently necessary in computin
1in many counts simultaneously, while the only information we want
cact at any time is the set of currently zero counts, The process
:veral integer counts, each count independently being incremented
anted by an unit in each step, governed by the current input and t
aro counts, is abstracted and formalized in the notion of a multic
ichine. Such machines have numerous connections with both theoreti
ad more of less practical applications. It is of considerable inte
any questions, to implement multicounter machines as efficiently a
ible. We shall show that counting is basically simple, in the comp
omplexity sense of the word, by demonstrating that each multicount
1ine can be real-time simulated by an oblivious one-head tape unit
inimal storage space. Since the presented implementation is optima
>mmonly considered resources at once, the two decade old quest for
imulations of multicounter machines by Turing machines is finalize
troke.

Doing arithmetic presupposes number representations. Different
antations are better suited to different arithmetical operations.
rithmetic can be performed by multicounter machines. Because we sh
1late a multicounter machine by a one-head tape unit, we need to s
>rwardly represent a multituple of integers as a linear string. No
:presentation for single integers allows the counter steps to be pe

7 an oblivious one-head tape unit without unbounded time loss in b

sues

for

nal

t—




simulated steps., Neither does any known representation, for pairs of inte- .
gers, allow the counter steps to be performed by a one~head tape unit, obli-
vious or not, without unbounded time loss in between simulated steps. To
achieve our objective, we in effect have to develop a new representation for
multituples of integers with the required properties.,

Multicounter machines and Turing machines. For the present purpose, machines

are viewed as transducers, that is, as abstract storage devices connected

to input- and output terminals, Thus we consider a machine as hidden in a
black box with input- and output terminals. Consequently, the presented si-
mulation results concern the input—output, behavior of black boxes and are
independent of input—output conventions, or whether we want to recognize or
to compute. The abstract storage structure embodied by a k-counter machine
(k-=CM) consists of a finite control connected to an input- and an output
terminal, and k counters each capable of containing any integer. The states
of the finite control are partitioned into polling and autonomous states.
(Here we can assume without loss of generality that all states are polling
states,) At the start of a computation the finite control of the k-CM is in

a designated initial state and all counters are set to zero. A Step in a
k-CM computation is uniquely determined by the state of the finite control,
by the symbol scanned at the input terminal if the state is a polling state
and the set of counters which contain zero. The action at that step consists
of independently altering the contents of each counter by -1,0, or +1,
changing the state of the finite control and producing a, possibly empty,
output string. Thus the machine effects a transduction from input strings ‘to
output strings. If you will, the input and output may be thought of as writ-

ten on input- and output tapes, on which the resident access pointers




heads) are steered by the finite control. The steering commands issued can
e viewed as part of the output. Above we closely followed the formulation
n [2] where also a more precise definition can be found. For the more
tandard concept of multitape Turing machines consult [2,6]. Note that, for
s, a one-tape Turing machine consists of a finite control connected to an
nput- and output terminal, and a single head storage tape. A one-head tape
nit is a one—tape Turing machine.

tmulation, A machine A 8Zmulates a machine B in time T(n) if, for all n > O,
he input/output behavior of B during the first n steps, the atomic inputs
nd outputs ordered according to their ogcurrences in time, is exactly mi-
icked by A within the first T(n) steps. That is, if for every input se-

uence il,i read from the input terminal (i) the output sequences

2’.‘.
ritten to the output terminals by A and B are the same, and (ii) if

<t =t

< . .
1 9 S e K k+]°cc are the steps at which B reads or writes a

! at

ymbol, then there are corresponding steps t] < té < ees < tﬁ < tk+1"'
<

1

hich A reads or writes the same symbols, and t{ T(ti) for all i > 1, For
linear time simulation it is required that T(n) € O(n); for a simulation
ith constant delay that T(n+l) — T(n) < ¢ for some fixed constant c and

11 n; for a real-time simulation that T(n) = n. It is well known, that a

onstant delay simulation can always be sped up to a real-time one, but not
linear time simulation in general. We use siZmulation in the above strong

ense of on-line simulation [6] throughout.

bliviousness, A Turing machine is obliZvious if the movements of the sto-—

age tape heads are fixed functions of time independent of the particular
nputs to the machine., Many problems seem inherently oblivious: the usual

lgorithms for computing the four main arithmetic operations, a table look-—




up by sequential search, can easily be programmed obliviously without sacri-
ficing worst case time efficiency. Other tasks like binary search or sorting
are, it appears, nonoblivious in nature. For many purposes, there are excel-

lent reasons why to restrict attention to oblivious computations [6,7]. Here

we show yet another, more heuristic, motive for doing so. Viz., restriction of

the considered model of computation to its oblivious version may shift the
emphasis in the problem to be solved, from one difficulty to a completely
different one, thus directing us to a solution, Whereas the difficulty in
real-time simulating k-counter machines by k'-tape Turing machines, k' < &,
stems from the fact that k'< k, the same problem with the simulating
machine restricted to its oblivious version knows as difficulty but the
obliviousness of the simulating device alone.

For suppose we can simulate some abstract storage device S in time T(n) by
an oblivious Turing machine M. Then we can also simulate a collection of k
copies of S, say S]’SZ""’Sk’ interacting through a common finite control,
by dividing all storage tapes of M into k tracks, each of which is a dupli-
cate of the corresponding former tape, and by an appropriate modification

of M's finite control. The same head movements of the resulting machine M'
can now do the same job, on each of the k collections of tracks, as they for-
merly did on the collection of tapes of the original machine M. So the re-
sources used by M' are, apart from sizes of finite control and alphabets,
the same as those used by M. In particular this holds for time- and storage

complexity., Therefore the following two statements are equivalent:

(i) We can simulate an abstract storage device S by an oblivious Turing ma-
ch'ne M in time T(n) and storage S(n).
(ii) For each k > 0 we can simulate a collection of k copies of S, inter-

acting through a common finite control, by an oblivious Turing machine




M' in time T(n) and storage S(n), where M' has the same tape/head con-

stellation as M.

> are in particular interested in the following specialization of the above

axim.

>fine the quintessential counter S as a 1-CM with input commands "add §",

¢ {-1,0,1}. At each step S reads an input command from the input terminal,
>difies the stored count in the obvious way, and outputs either "count

qual zero" or "count unequal zero" in concordance with the current state

f affairs.

!

ROPOSITION 1. If we can real-time simulate the quintessential counter S by

n oblivious one-head tape unit then we can real-time simulate each multi-
ounter machine by an oblivious one—head tape unit (which for each multi-
ounter machine makes the same head movements as a function of time alone).
ackground. Counter machines are relatively old devices in computer science.
nrestricted 2-counter machines were shown to be as powerful as Turing ma-
hines in [5]. Subsequently the efficiency of implementations on Turing ma-
hines was investigated., On linear arrays, as formalized by Turing machines,
he use of a tally representation for each count either requires a separate
ccess pointer (storage tape head) per count or unbounded update time in be-
ween simulated steps. Curiously, even with the use of a separate pointer for
ach count, binary representations also require unbounded update time, al-
hough minimal storage space. This sorry state of affairs was improved in
1,2] which both presented linear array simulations using minimal space,
hile [1] eliminated the unbounded update time at the cost of retaining all
ccess pointers, and [2] eliminated all access pointers but one at the cost
f retaining unbounded update time. Thus, [2] exhibited the classic linear

ime/logarithmic space simulation of multicounter machines by one-tape




Turing machines. Efforts to reduce this simulation to a real-time one using
a fixed number of storage heads failed, but did produce some weaker pro-
blems. For the Origin Crossing Problem, where the task is to recognize the
set of sequences of unit basis vectors in k-space,k > 1, which leave from
and end in the origin, an ingeneous solution by a real-time one-tape Turing
machine was constructed in [1]. The result implies that each k-counter ma-
chine can be real-time simulated by a k-tape Turing machine in 1ogafithmic
space, k > 1. Next in difficulty comes the Axis Crossing Problem, where the
task is to recognize the set of sequences of unit basis vectors in k-space,
which leave from the origin and end in ore of the (k-1)-dimensional hyper-
planes with one zero coordinate, k > 1. For no k > 1, a real-time solution
on but a (k-1)-tape Turing machine was found, for the k-dimensional Axis
Crossing Problem, after its proposal in [2]. No headway was made with
the roughly stated issue: do less than k accesspointer, in a linear array,
suffice to real-time simulate k counters, or k counters handicapped like in
the Axis Crossing Problem,

In [8] we made the linear time/logarithmic space one-tape solution of
[2] oblivious, retaining the same resource bounds. This is a matter of some
significance, since by its nature an oblivious Turing machine is usually
far slower than a nonoblivious one. For example, each oblivious multitape
Turing machine needs n log n steps to simulate n steps of a single pushdown
store, although an oblivious 2-tape Turing machine can achieve this bound
[6]. For oblivious one-tape Turing machines the lower bound on this simula-
tion time increases, perhaps, up to n2. Due to the compact way the counts
can be stored, the situation for counter machines was somewhat better. In
[7, Corollary 2] it was shown how to simulate each multitape Turing machine,

using at most S(n) storage in n steps, by an oblivious 2-tape Turing machine




1 n log S(n) steps and S(n) storage.
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anyway, a real-time simulation by an oblZvious one-head tape unit is
© the question. In the event, intuition is wrong; but let us informal-
1sider the matter in some more detail. It quickly becomes apparent that

ng a count, in real-time on an oblivious machine, requires a redun-

in notation which seems to make a simultaneous real-time check for
mpossible. To achieve the latter, we allow only encodings of integers
hat an integer is zero iff the scanned position of the encoding (the
" position, so to speak) shows this uniquely. Since the head motion is
ed to be oblivious we must, roughly speaking, update each "initial"
i) length segment (situated around'the head) of the encoded integer
. each interval of i steps, for all i > 1., While moving the head to up-
onger segments of code in an oblivious manner, we may have actually
. small counts which may reach zero during this motion. So the machine
simultaneously shift and update smaller segments of code, while up-
. larger segments of code, and so on recursively down to the smallest
ts. Such considerations force compact encodings, and, apart from

; us some feel for what behavior is necessarily involved in a simula-

s desired, they show that the integer representation used must be po
al in nature.

e _of the simulation. The simulation splits naturally into two parts.

we introduce a redundant binary representation for the integers, and
ate certain minimal requirements for real-time maintaining the repre-
:ion of the stored integer under the counter operations. These require-
consist in a fixed strategy, of accessing constant length segments of
‘epresentation, for all input streams. Second, we construct on oblivious
:ad tape unit capable of implementing these requirements in real-time,
'he current count of the quintessential counter, as figuring in Pro-

on 1, is stored on the single tape in a (garbled form of) redundant




inary representation, with marked most signigicant nonzero digit and lead-
ng distinguished blank symbols. As a consequence of preserving some inva-

iants, the stored count equals zero iff the "first" position of the repre-

entation is a blank. Since this first position shall reside in the finite
ontrol of the simulator, that situation is instantly recognized.

ence the problem is solved, if we can real-time update the representation
f the current count while preserving the invariants. In the choosen repre-
entation it suffices to update each segment of the 2i-th through (2i+3)-th
osition of the representation at least once within each interval of 3i con-
scutive steps, for all i > 0, while also processing the current input com-
ands, by an update of the first two positions, in each step. Intuitively
peaking, the timing allows us to propagate carries and borrows (negative
arries) fast anough. Although there is a considerable freedom about how to
mplement the required datamovement on an oblivious one-head tape unit, we
r100se for frugality in attendant machinery and minimal bit compression

that is, a small storage tape alphabet). Therefore, we divide the represen-
ation into blocks of two digits each, and store the first three blocks in
1e finite control. Each digit of the representation residing on the

ape 1is tagged with an opening or a closing bracket, viz. the first digit

E a block with an opening bracket and the second one with a closing

racket. To access each segment of the 2i-th through (2i+3)-th digits of the
:presentation at least once in every interval of 3i steps, we develop a
:thod of recursively transporting the digits of block j, from one side of
1e combination of the first i blocks to the other side, back and forth,

r all i,j, 1 < i < j. This transport, which entails moving the total com-
‘nation of the first i blocks, in its turn supplies the necessary motion

r the combination of the first i+ 1 blocks, while it also alloﬁs the

-ngle head to access blocks i+ 2 and i+ 3 within the timing constraints.




(he single head, without being able to determine the positional index of

he scanned digits (since there will be all in all but four tags, viz. two
:ypes of opening brackets and two types of closing brackets), preserves a
:opology which allows it to single out and update due segments. The net
:ffect will be that, for all i simultaneously, the combination of the first
L blocks acts like a very fat head, moving slower the greater i is, but fast
anough to do the same job to blocks i+ j as the head itself does to blocks
j, for all i,j = 1.

n notation. To be able to express and prove the subsequent constructions,
it is convenient to introduce some notation first. The objects operated upon
ire linear arrays or strings of symbols from a finite alphabet., Arrays can
e finite or one-way infinite. In a one-way infinite array A[0:«], A[0] is
he first element and A[i] is the (i+1)-th element, i > 0. A[i:j] denotes
the (j-i+1)-length subarray consisting of the (i+1)-th through (j+I1)-th
xlements, 0 < i < j. The concatenation A[i:j] A[j+1:k] equals A[i:k],

) <1i<j<k, and we identify A[i:i] with A[i], i > 0. Similar for finite
irrays. Arrays are operated upon by functions from arrays to arrays. Since
‘hese functions shall be partial we introduce the undefined array ¢. By
lefinition, for any array A, ¢A = A¢ = ¢. The undefined array should be
listinguished from the empty array € for which by definition, for any array
\, €A = Ae = A, Mappings from arrays to arrays are defined in terms of
-ength preserving functions from finite arrays to finite arrays. If a
‘unction P maps an array S to an array S', with S, S' finite and of equal
-.ength, then we write P : S » S', By definition P : ¢ » ¢ for all functions P.
'unctions induce relations amongst one-way infinite arrays in essentially

‘wo ways. In the first type of relationlg the argument of Q determines in-—
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egers i,j, 1 < j, and for all arrays A[O:»], A'[0:=] if P: A[i:jIm»A'[i:j],
or a function P associated with Q, A'[0:i-1] = A[0:i-1] and A'[j+1:] =
[j+1:=], then Alg A'., In this case, clearly!g is a function from one-way
nfinite arrays to one-way infinite arrays. In the second type of relation

P
» P is a function, and A=» A" if A = S SS,, A' = Sls'S and P : S » S',

17722 2

t will be shown that all such relations of the second type we consider
re also functions when restricted to a set of well formed arrays. In
oth cases, if for somelg and some array A, there is no A' # ¢ such that
gvA', then Alg ¢. Considering the relationlg amongst arrays as rewriting,
he rewriting shall thus be proved to be élways monogenic, that is, if

g» A' and Aig A" then A" = A', We compose functions P ,Pysee0,P to a
unction P, or decompose or expand a function P into a sequence of consti-

1272°°°°%"n

uent functions P, ,P P as follows, If for some P,Pl,;.., Pn and all

P
rrays A there exist arrays Al’AZ""’An such that A= An and

P P P
!=>l A1 l=>2A2 . '=r>1An then P = PI;PZ;..Q;Pn. The: function composition opera-
cr " ;" denotes sequential rewriting from left to right. Whenever necessary,

. t 0 .
e denote the value of an array A at time t, t =2 0, by A” and A~ is the
nitial array. We dispense with the superscript if t is understood or when
e view A as a variable.

ain objective. We concentrate on real-time simulating the quintessential

ounter of Proposition 1 by an oblivious one-head tape unit.

.l. An integer representation

Consider a positional base 2 notation for representing the integers,
aich may be called redundant symmetric binary, using the digits -2,-1,0,1,2.
> the integer c represented by CyC CgeeeCprs Cs e{-2,-1,0,1,2}, equals

n i . . . . . .
=0 ciZ . Such a representation is binary because of the weight of digits
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in distinct positions, symmetric because of the used digits, and redundant

since each integer has infinitely many representations, even without leading
nonsignificant zero's. To represent the stored integer count on a, potential-
ly infinite, linear tape we essentially use a restricted version of this re-

presentation, with a marked most significant nonzero digit and distin-

guished leading nonsignificant zero's, Let A = {-2,-1,0,1,2} and

A = {-2,-1,0,1,2}. The barred digits have the same value as their nonbarred
counterparts, A - {0} is reserved for the most significant nonzero digit,
and "0 ", called blank, is reserved for the nonsignificant zero's. Let

(o]

A U A and let code: Z -~ 2Z be a function of the integers into the power-

™
]

i

© © . 3 . . .
set of I , where I 1is the set of one-way infinite strings over I. The func-

tion code satisfies restrictions (A) - (D) below, for all c.c ceeCiocn

071
«es € code(c), c € Z.

Separation of a finite significant initial segment and nonsignificant zero's:
A 3i > .=0 ; =0 X _ 7
(A) i>0 [cl 0] & Vi > ()[(ci 0= (ci_leA & Cir1 0)) &

& (c. € z={0} = e, ;€ M.
Correct representation: 1 L

(B)

o~ 8

ci2 = C,
0

i

fo identify representations of 0 by just a small initial segment:
(c) V120[(ci+]>0$ci20) & (ci+]<0=> ciSO)].

Inder (A) - (C), (_2)10.1.600 represents the integer 2 for all i > 0, To
)revent racing of the most significant nonzero digit to the first position,

n just a few steps of the desired single head real-time simulator:

D) Vi 20 [i is odd = lcil <2].

‘ow if 0%yt Cna1Cpc® € code (c), with c; € A for 0 < i < m-1, and c; € A
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or m < i, then for m = 0 we have 0 < |c| < 2, for m = 1 we have 2 < |c| < 4

nd in general for m > 2:

+
2"y < |c| < 2 ]+r'

ith
m-2 i m-2 ;
r =2, ) 27+ 2
i=0, i even i=1, i odd
m-1 5 m—1 i
r' = 2, ) 27 + ) 2
i=0, 1 even i=1, i odd

hich yields
m-3 < 1og2|c| < mt+2.

Thus the length of the initial significant segment of the representa-
ion of ¢ € Z follows by and large the length of the usual binary represen—
ation of |c|. We are particularly interested in representations for zero.
ote that the following proposition holds for code functions satisfying only

A) - (C).

‘ . s _n e
ROPOSITION 2. Let cyc eesC o \1oee € codetc) with c e Z. Then ¢ = 0 Iff

i = 0 for all i = 0 iff ¢y = O.

'ROOF. By (A) o = 0 iff cs 0 for all i > 0. So we only have to prove

n
ol

.= 0 iff c. = 0. Assume ci

0 for all i =2 0. By (B) ¢ = 0, Assume c; £ 0

or some i > 0. Then by (A) there exists a least m > i such that cj = 0 for
11 j > m, and [cm[#_Os For m = 0, lc|l 21 and for m = 1 we have |c| > 2,
orm > 2:

4

lel c.2
i

0

(by (B))

I
Il o~—>8

i

m—-1 .
| 2m - i'ZO C121]l (triangular inequality)
l=

[\
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m m-2 i
20 -2 ) 2 (by (C))
i=0

1\

=2. 0

2.2, Maintenance of the count,

Let S be the simulated quintessential counter and let 6],62,...,6t,...
,Gi e {-1,0,1}, be any fixed sequence of unit additions/substractions. So
at time t > 0, S contains the integer Z§=I Gi. We maintain the count in an
array C[O:~] such that the value of the array at time t > 0 is Ct[O;m] €
eode(EEzl 6i), for any such input stream, The- Znitial array
CO[O:w] at time t = 0 is defined by Cofi] = 0 for all i > 0, and therefore
CO[O:m] € code (0). In the t-th simulated step, t > 1, the current value
Ct—] of the array is mapped to the next value ct by a function COUNT (t,Gt).
The mapping COUNT is defined in terms of a composition of mappings, with
the aid of an auxiliary function I : N - fm, called the parameter selection

function, which has as values sets of bounded cardinality (cardinality four

suffices),

- _of1 s . cy . .
DEFINITION., For t > 1, let I(t) {1£,1£_],...,11} with ip>ip 1 eee> i,

and let § ¢ {-1,0,1}. COUNT (t,8) is defined as a composition of mappings:

def
COUNT (t,8) = UPDATE(iZ); UPDATE(iz_l);...; UPDATE(il); INPUT (§).

Hence
COUNT (t,6)
C =——= C', with C' # ¢, if there exist CpsCpyreessC, # ¢
such that
UPDATE(iz) UPDATE(iK_]) UPDATE (1 ,) INPUT(S)
N ] e '
Cm;cztzz:’C)e_]... _,Cl c',

COUNT (t,§)
In all other cases C F———= ¢,
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EFINITION, Let i ¢ IN and let C[0:~] be a one-way infinite array, C # ¢.

UPDATE (i)
C[O:»] ==—= (' [O:oo]’

'[0:~] # ¢, if UPDATE: C[2i:2i+3] » C"[2i:2i+3] # ¢, C'[0:2i-1] = C[0:2i-1]

ad C'[2i+4:] = C[2i+4:=], with the function UPDATE: 24 > 24 defined below.
>r convenience we first define UPDATE: A4 > A4 and then extend the mapping
d 24.

PDATE: 20xy » 01xy for xye {00,01,0-1,10,11,20,21}
20xy » 0-lmly for xy e {-10,-20,-1-1,-2-1]
21xy » 00xdy for xy e {00,01,10,11}

210-1 » 00 -10

212y » ¢ for y e {0,1}
-20xy » 0-1xy for xye {00,0-1,01,-10,-1-1,-20,-2-1}
-20xy » 01xly for xye {10,20,11,21}
-2-1xy » 00xly for xy e {00,0-1,-10,-1-1}
-2-101 » 0010

-2-1-2y » ¢ for y ¢ {0,-1}

vwxy » vwxy forv ¢ {-2,2}

vVwXxy o ¢ for vwxy not in the above list,
, . . 4 . 4 . 4
ktension of UPDATE to mappings from I into I : if vwxy ¢ A then
UPDATE: vwxy » v'w'x'y'

v all vwxy,v'w'x'y' € A" (A - {0}){0}* v {0000} such that the unbarred
:rsion of the mapping is in the previous list, and UPDATE: vwxy v ¢ in

L1 other cases. (Recall that if V is a finite alphabet, then V*_is the set




of all finite strings over V including the empty string e.)

DEFINITION, Let & € {-1,0,1} and let C[0:=] be a one-way infinite array,
C# ¢.
INPUT(S)
CL0:w] t=——= C'[0:],

C'[0:=] # ¢, if INPUT, : CLO:1] & C'[0:1] # ¢ and C'[2:=] = C[2:=] with

INPUT6 : ZZ > 22 defined below. For convenience we first define

INPUT(S : A2 > A2 and then extend the mapping to 22.

INPUT_, : xy » xly for xy e {00,0-1,-10,-1-1,10,11}
01 » 10

Xy » ¢ for xy ¢ {-20,-2-1,20,21}

INPUT,, : xy » xy for xy e {00,0-1,-10,-1-1,10,01,11}

Xy b» ¢ for xy e {-20,-2-1,20,21}

INPUT, xy » xtly for xy e {00,01,10,11,-10,-1-1}

Xy » ¢ for xy ¢ {-20,-2-1,20,211}.
5 . . 2 . 2 . 2
ixtension of INPUTd to mappings from I” into I”: if xy ¢ A” then
INPUT(S s xy > x'y!

for all xy,x'"y' e 2 @ - {01){0}" u {00} such that the unbarred version of
:he mapping is in the previous list and INPUTS: Xy B ¢ in all other cases,
If for some array CL[O:~] and P = UPDATE(i), i > 0, we have

P
JPDATE: C[2i:2i+3] » ¢ then C » ¢, by definition. If for some array C[O:«]
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P
nd P = INPUT(S), § ¢ {-1,0,1}, we have INPUT_.: C[0:1] » ¢ then C & ¢, by

5

efinition. For all P ¢ {INPUT(S), UPDATE(i) | § ¢ {-1,0,1}, i = 0} we have
e e P P, . w . @

y definition ¢ B ¢, and thus = is a mapping from £ U {¢} into £ U {¢} and

ot just a relation. Basically, INPUT(S8) adds the current input to the cur-

ently represented integer and UPDATE(i) propagates carries and borrows in

segment of the representation, both preserving representations from the

ode function,
For each input sequence D = 6],62,...,6t,... , with Gt e {-1,0,1} for

2 1, the sequence of mappings

!

def
COUNT(I,D) = COUNT(I,GI); COUNT(2,8.)3 ece} COUNT(t,Gt); cee

efines a sequence of (a priori possibly undefined) arrays CO,Cl,...,Ct,...

sch that C° is the all-blank initial array CO[O:WJ = 0°, and for all t > 1:
r—q COUNT(t,8.)

C e C ,

acomposing COUNT(t,Gt) into its constituent functions for all t 2 1, with

(t) = {1t,£(t)’lt,£(t)—l"“’1t,1} and 1 pe) 7 Ye,ae)-1 7 0t T e
2 obtain for each inputsequence D = 61,62,...,6t,... the sequence of basic

appings

COUNT (1,D) = UPDATE(il’K(l)); UPDATE(il’K(l)_]);....

e} UPDATE(ll’]); INPUT(GI); UPDATE(iZ,Z(Z));"' s

1 this sequence, the subsequence of mappings

COUNT(t,St) = UPDATE(it,ﬂ(t)); UPDATE(it,ﬂ(t)—l);"’

...; UPDATE(i_ ,); INPUT(S.)
t,1 t
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s said to constitute the t-th step of the maintenance of array C. Starting

from Ct—1 the sequence of intermediate arrays defined by the t-th step is

t-1

- - by
c = Ct-l,O)’ Ct,l’,(t_)’ Ct,l’.(t)-l’ tee Ct,l’ Ct,o (= ¢
lefined by
UPDATE(it,K(t)) INPUT(Gt) t
Ce-1,0 Cobe) o Ce,o=C -

lote that in the decomposition of COUNT(I,D) in the basic mappings UPDATE(.)
ind INPUT(.) the parameter t does not occur explicitly; the sequence of ba-
sic mappings is defined totally by the sequence of successive values of I

ind the sequence of inputs. This is important in the next sections. In this

ijection we show in Lemma | that, for any inputsequence D = 6],62,... s

0
C7,Cy p(1yseres €,y € code(0) v {¢]

ind for all t = 1

-l t-1
Ct—l,O(_ c ), Ct,K(t)’ cees Ct,l € code (Zi___1 Gi) u {¢}.

n Proposition 3 it is demonstrated that for certain choices of the parame-

‘er selection function I we have that Ct 3 # ¢ for all t 2 1 and all j,
9

(t) 2 j 2 0, whence ct e code(2§= Gi) for all t = 0.

1
EMMA 1., Let array C e code(c) for some integer c. If, for some i = 0,

UPDATE (1
5 ======£=; C', C' # ¢, then C' € code(c). If, for some & € {-1,0,1},

INPUT (8
1 =====£=L C', C' # ¢, then C' € code(c+8).

. UPDATE (1
ROOF. Let C € code(c) for some integer c and C F=====£é; C', C' # ¢, for
ome i > 0. If |C[2i]| # 2 then C' = C and there is nothing to prove. So let

C[2i]| = 2. Then, for j < 2i and j > 2i+3, C'[j] = c[j]. Since also
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3

=0 c'[2i+j12%" 214

_ .3 L N S T B
= Zj=0 cf2i+j]2 , we have Zico © [iJ2 Zi=0 clil2™ =c.

t is easy to check from the definition of UPDATE(i), that if (A), (C) and

UPDATE(i) _,
==

D) hold for C, C and C' # ¢, then (A), (C) and (D) also hold

or C', Hence C' € code(c). Let C € code(c) for some integer c and
éggglég; c', C' # ¢, for some § € {-1,0,1}, Since C' # ¢ we have

cf0l] < 2. For all j > 1, C'[j] = c[j]. Because also C'[0] + 2C'[1] =
cfo] + 2c[1] + & we have Z:=O C'[i]Zi = c + 8, It is easy to check from

ne definition of INPUT(S) that if (A), (C) and (D) hold for C,

INPUT (8
h====é=; C', and C' # ¢, then (A), (C) and (D) also hold for C'. Hence

l

' ¢ code(c+6), oo

ROPOSITION 3. Let T: W + N be any function such that T(i) < 3% for all

> 0, Let the parameter selection function I1: DJ»-ZEE assoctated with the
apping COUNT, be such that for all indices i = 0 and steps t > 1 there
rists a t'y t < t' < t + T(i) and 1 € I(t'). Then for each input sequence
]’62""’6t"" s 6t e {-1,0,1}, t 2 1, there exists a sequence of one-way

1finite arrays CO,CI,...,Ct

yeues with C0 the all blank initial array and
1 s mapped to ct by COUNT(t,St) for all t =2 1, such that

t t
€ code(Zi=16i) for all t = 0.

ROOF. Roughly speaking the Proposition states that if, starting from the
11 blank initial array CO, UPDATE (i) is executed at least once in every in-
arval of 3% steps, for all i > 0, and INPUT(S) is executed each step, with

e {-1,0,1} the currently polled input, then the array at time t represents

ne stored integer at time .t aeccording to the code function. By Lemma 1 and the
efinition of COUNT this is the case if, under the timing assumption on the para-

ater selection function I, each time UPDATE (i) and INPUT(§) map an array satisfying
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(A), (C) and (D), the result is not the undefined array ¢. The only way
UPDATE (i) can map an array C[O:~], satisfying (A), (C) and (D) to ¢ is for
cl2i:2i+3] € {212,212,-2-1-2,-2-1-2}. Similarly, the only way INPUT(8) can
nap on array C[O:«] satisfying (A), (C) and (D) to ¢ is for

cfo]l € {2,2,-2,-2}. Hence we have to prove that, under the assumptionsonlI,
and starting from the all blank initial array Co, these undesirable subar-

rays do not occur at the crucial moments, Induction is on the number of stepst,

S3ase case: the first step. Since c? is all-blank, for all i > 0 we have
o COUNT(1,8;)

0r21:2i+3] = 0000. Hence 0 s ¢! with ¢'fo] = 51 and C[i]l = 0

for all i > 1, That is, C1 € code(él).

[nduction: t 2 1. Assume, by way of contradiction, that for the inputsequence

51,62,...,6t (Gj e {-1,0,1}, 1 < j < t) we have for all j, 1 < j < t:
-1 COUNT(j,Gj) . .
C _— CJ, c’ # ¢, (induction assumption),

ind

t COUNT (t+1,6) . .
C ¢ (contradictory assumption),

for some § ¢ {-1,0,1}, For all j, 1 < j < t, by Lemma 1, ¢l « code(2%=16i).

et I(t+1) = {1£,1£_],...,11} and 1p > 1p 1 > eee> i Decomposing

JOUNT (t+1,8) into its constituent mappings we have

UPDATE(ip)  UPDATE(ip_,)
Cper ! A Co-1 o+

UPDATE(il) INPUT(S)
see F Cl t 5 C0=¢,

ct =

lor some intermediate, possibly undefined, arrays C‘,Cz_l,...,Co. By the

:ontradictory assumption there must be a first undéfined array in this




equence, say Cj—l = ¢ and Cj # ¢ for some j, 0 < j < £+1, Note that by

emma 1 C. € code (ZF_ 8.).
| 1=1 i

28e 1: j > 1, Setting 1 to ij—l’ to avoid subscripts,

UPDATE (i)
i ¢

ince Cj € code (Z§= Si) and therefore satisfies (A), (C) and (D), this

1
aly happen if Cj[2i:21+3] e {-2-1-2,-2-1-2,212,212}. Assume Cj[2i:21+3]

212, the other cases being symmetrical., Since the initial array C0 con-

ained only blanks, there must be a t', 0 < t' < t, with t-t' minimal, su

I
1at

COUNT(t',8p1)

t'-1
c”,

c

t'[2i+2] = 2 and Ct'—l[2i+2] # 2. (A previous mapping UPDATE(k), with k
1 the (t+1)-th step could not have set C[2i+2] to 2 from another value,
£ C,[2i+2] = 2 then C,[2i+2] = 2 for all k, £+I = k > j. Since C,,, = '
1deed t' < t.) From the definitions it follows that C[2i+2] can only be
> 2 from another value by the mapping UPDATE(i). So i ¢ I(t'), and we de
>te by C' the array mapped upon by the occurrence of UPDATE(i) in
JUNT(t',8,,) = UPDATE(i},); UPDATE(i}, ;)3 ...; UPDATE(il); INPUT(S,,).

y the definition of UPDATE(i) we must have C'[2i:2i+2] = 002. Since duri

ne mappings, following UPDATE(i) in COUNT(t',Gt,), subarray CL2i+2:»] is
-1

]
ot accessed, and we have by Lemma 1 that C' ¢ code(ZE=1 Gi) and
] \
€ code(ZE=l Gi), it therefore follows that

2i+1 ' 2i+1 2i~1

1) R e S EAE S o5 P S S s PLI
k=0 k=0 k=0 t

< (41+l—1)/3 (by (C) and (D)).




\ny first occurrence of an UPDATE(i+l) in a COUNT(t",8 ), t' < t" < t+l,
0 in between the mappings by the two occurrences of UPDATE(i) in steps t'
md t+1, would have set C[2i+2] to 0, resulting in ICt"[Zi+2]I < 1, contra-
icting the minimality of t-t', Therefore, for all t", t' < t" < t+I,

+1 ¢ I(t"). By the assumption on I in the Proposition it follows that

2) t-t' < 3i+1.

'e are now ready to derive a contradiction. For the only mappings which can
lter something in C[2i+2:2i+3] are UPDATE(i) and UPDATE(i+1). However, in
etween the mappings according to the ochrrence of UPDATE(i) in step t' and
hat of UPDATE(i) in step t+l, no occurrence of UPDATE(i) has changed
[2i+2:2i+3] (since this would contradict the minimality of t-t'), and

PDATE (i+1) has not occurred at all ( since Cj[2i+2] # 0 by assumption, i+l

.s not in I(t+l) too). So, by the definitions of COUNT and UPDATE we obtain:

o (o]

1
3) Jooctmak= 7 c.rk12k.
k=2i+2 k=21+2

urthermore, by Lemma 1,

Tt k S v k
4) ) CIkl2® = J §, = 1 cC.lkI2".
k=0 k=1 k=0 J
hus:
2i+1 @ b
5) }oc.k12® = 7 ock12® - 7 c,rk1ff -
= J k=0 1 k=2i+2
t ® k
=1 & - ] c.lkl2 (by (4))
k=1 k=2i+2 J
£ v t' ok
=1 6 - 1 c [kl (by (3))
k=1 k=2i+2
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t t' 2i+1 e Kk :
=1 s -1 §, + 1 ¢ [kl2 (by Lemma 1)
k=1 k=1 k=0
<t -t'+ (4%";l -1)/3 (by (1))
<3y Gy s, (by (2)).

ut, by way of contradiction, it was assumed that Cj[2i:2i+1] 21, Therefore,
2i+1 . 2i-1 . . .

5) Tocokl® = 4™ Y ez e 4B ool - sy - 4l
k=0 k=0 J

]

or 1 2 2 (and > 14 for i 1, 2 4 for 1 = 0), by (C) and (D). Since for all
> 0 the contradictory assumption leads to the contradictory inequalities

5) and (6) we conclude that j = 1 and case 2 holds.

2se 2, j =1 and

INPUT (S)
_

>wever,, under the assumptions in the Proposition, 0 € I(t) for all t=1, so
JUNT(t+1,8) = .ees3; UPDATE(0); INPUT(S). But if Cl[O:m] # ¢ is the value of
PDATE (0) then CI[OJ ¢ {-2,-2,2,2}. Therefore, the contradictory assumption

lso fails in this case and

INPUT (8)
C] F======»CO # ¢

ince the contradictory assumption has now been proven false, by Lemma. I

t
Z"‘I’CE’.."C € C0d6(2i=

t .
. _6i) and C0 € code(2i=] Si + §). Setting

1

AL C0 completes the induction. [

roposition 3 shows us a way of real-time simulating the quintessential
. . . . 0 P
>unter S figuring in Proposition l. Let C  be the all-blank initial array,

1d let the parameter selection function I meet the timing conditions in




’roposition 3. If we map in the t-th step, for each t > 1, the current array
'alue to the next one by COUNT(t,d), where "add &",8 ¢ {-1,0,1}, is the in-
'ut command polled from the input terminal in the t-th step, then the array
it each time t > 0 is a representation from code(stored integer at time t).
yince the mapping COUNT(t,8) = ...; INPUT(&), and INPUT(S) maps C[0:1] to a
lext value, we can simultaneously output "count equals zero" if the next
ralue of C[0] = 0 , or "count unequal zero" if the next value of clol # 0,
iccording to Proposition 2,

Note that the requirement of an initial zero count is not essential. We
.an as well prove Proposition 3 starting %rom C0 equals a representation of
n arbitrary integer c. For instance, a representation from code(c), con-
aining only equal signed digits of absolute value less than 2, for Cq lets

roposition 3 go through as well. Thus, the arrangement canreal-time simulate

nitially nonzero counters,

+3. An oblivious one-head tape unit,

Proposition 3 puts a heavy burden on a one-head tape unit: C[0:3] must
lways be under scan, C[2:5] within each third step, and in general
[2i: 2i+3] at least once within each interval of 3i steps, for
Ll i 2 0 stmultaneously. This requires that, basically, at all times all
[i] must be on the move, drifting inward or outward from the location oc—
upied by the single head, so to speak. This data motion must be due to the
wapping of array elements amongst the momentarily simultaneously scanned
ape squares. To be able to scan CL2i: 2i+3] within certain time intervals,
or all i > 0, it is necessary that at certain times arbitrary many of such

ourtuples are split and the pieces geometrically far apart. The piece
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[2i: 2i+1] must be joined to piece C[2i-2: 2i-1] at certain times and to
[2i+2: 2i+3] at other times, for all i > 1., Apart from performing the
plitting, moving and glueing, the head must als recognize fourtuples.

[2i: 2i+3] to perform UPDATE, and also know the relative order amongst pairs
f such foursomes. Hence we need to maintain some order and identification

f the array elements. Yet we cannot identify the individual elements of C
ith respect to their position, since such an identification tag fof cli]
2ceds log i space and log i time to evaluate. All this points in the direc-—

ion of a recursive process, but again we cannot maintain depth of recursion

arameters, :
The process exhibited below restson the following intuition. The

oal is roughly to access quadruples of consecutive elements of C, of index

8(i)

(i), at least once in each interval of 2 steps, for all
> 0. We call the individual array elements cells and consider them as
ackets of information to be swapped amongst simultaneously scanned squares.

ssume we are able to move a block of cells, called A , by, according to

]’

>me regime, moving the head, centered on the cells constituting A , from

]’

1e left end of AI’ where it scans some squares left adjacent to A,, to the

],

ight end of Al’ where it scans some squares right adjacent to Al’ and
ack again to the left end of A]' Let A] be contained in a block of cells

alled AZ' Then A, moves by transporting cells of A - A] through A1 to the

1 2

ther side of A], while simultaneously shifting the cells of A]' Thus, we

ill shift the total block A1 from the left end of A2 to the right end, and
ick again to the left end. During such a full sweep of A] over A2, we will
11ft block A2 within a larger block A3 by a single square. So the relation

2tween A2 and A, is analogous to that between A

3 and A2. See Figure 1.

1




3 ‘-—A-‘ >

'igure 1. The blocks are individually "moving" in the indicated directions,

In general, we envision an infinite series of nested blocks,

'l’AZ""’Ai’Ai+1”" , with Ai properly embedded in Ai+l’ i > 1, such that

.full sweep of block Ai over block Ai shifts block Ai+1 one square in the

+1

urrently desired direction. In the above arrangement, the head is always

entered on block A], and therefore, since it is allowed to scan but a

ixed number of squares, when it is centered at the end of block A1 it scans

ut a fixed amount of squares outside. Since the ends of the individual
locks govern the action the single head ought to take, and also cells of
i+1 " Ai have to be tramsported through Ai for arbitrary i, we cannot have
he physically present ends of all of blocks A2,A3,...,Ai in between the

ead centered on A] and a cell, to be transported, in Ai+ - Ai'

1

o> we want the blocks to move, in a sense, completely out of each other.

hat is, an arrangement as below in Figure 2, where we denote the cells in

*
- Ai as Bi+1’ for all i 2 1, and A1 by B]. (x » y denotes that y occurs

i+1
fter x).
——
B4 B2 <+ Bi Bist
* o — =]
b .o E_L__:B_JL1E By g © e Big EL Bj+1 e
——
== Bj Bi-1 B, B, Bj+1
S
== Y B B, "t [Biog || Bi Biv1 | ©°°

lgure 2,




In this manner we telescope the blocks, as it were, inwards and then
itwards in the other direction, subsequently reversing the process. To
chieve this behavior, we transport,for all i > 1, elements of block Bi+]
arough Ai = U§=l Bj while simultaneously shifting the cells of Ai to acc
>date the transport. The motion of the headthrough Ai is governed by rec

ively moving Bj+1 through Aj’ for all j, j < i. Schematically, level i o

1e process is depicted in Figure 3.

—_—— =2 _

*

Aj Bjisq = - Aj Bjisq
* =
= - Aj [Biss Bisq

—_—
%
l : . [B.I:'H Al Bi«H
[
. —
= o [Bis Ai | B
) <
D Bi«n AJ'.
* _—'C;
(m— Biv1 | Aj Bl
* =
= - Aj Bist
.gure 3. The action of block Ai+] = Ai u Bi+1 with respect to blocks Bj’

j > i+1, is not depicted.
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#hen the head was at the ends of block Ai+1 = Ai u Bi+1’ it now could.have
picked up or deposited a cell outside, that is, of a block Bj’ j > i+l. As-
sume that all blocks Bi’ i é 1, have the same number of-cells, say x. By a
full sweep of the head over block Ai we shall mean the action the head has

to perform, starting from one end of Ai’ to pick up a cell of Bj’ j > i, de-
posit it on the other side of Ai’ and finish at the same end of Ai it started
from. So basically a full sweep of the head is a traversal of block Ai from

one end to the other end and back again. Let a full sweep of the head over

Ai take at most S(i) steps, i 2 1. Then to transport all of Bi+l from one

1

end of Ai to the other end, and back again, takes at most cxS(i) steps for
some constant c. Since this constitutes a full sweep of the head over block
Ai+l’ we have S(i+1) < cxS(i), for all i > 1, and obviously S(1) < cx. So

0(i) for all i 21,

S(i) € 2

In the formal construction below we set the block size to 2, and re-
present the loosely described block Bi by "[i]i", in the understanding that
the two cells concerned are tagged with "[" and "]". The subscripts on the
tags are just there to aid the reader, but do not occur in the actual simu-
lation. An element of block Bj in transport through block Ai’ j 21, is iden-
tified by a curly bracket of the appropriate type. Thus each individual cell
has permanently assigned to it a tag, consisting of either an opening or

closing bracket, which may at different times be square or curly. Figure 4

sketches a descriptive situation:

A {j I

Figure 4,

After these preliminaries we formally define a one-head tape unit M., It
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s convenient to view the instanteneous descriptions (i.d.'s) (momentary snap-

1wots of M's tape contents and the head position) as one-way infinite linear

ll<ll ">"

crays T, with or denoting the centre of the head position. ye tag the

ells, containing elements of the array C of the previous section, with

My, "{M or "}, Below we.display only these tags, since for the moment
> are not interested in the cell contents. The identity of the underlying
Juares is not important, but the identity of the tagged cells is fixed,
ierever they end up. For convenience of the reader we index the tagged cells
)r rather the tags). The eventually defined machine, however, has no in-
:xes associated with the cells, only one' out of the four mentioned tags.

e initial 2.d. is, now focussing on the tags only,

0
T = > [131[2]2...[.]

i1

C

i+l]i+l
: describe transformations of the array T in the form of six parametrized
:ursive functions, and four nonparametrized functions, each of two types. Each
:h function X will, for a unique subarray of T, rewrite this subarray by re-
cdering its elements, specified by X(.): a © B » o' ©' B' with o,a’',B,8"'
2ing strings of (for clarity indexed) tags and < ,<' € {>,<}, A definite
:quirement for the process is that, at some time, it has to scan

. " . . . . .
‘i+2]i+2[i+3]i+3 for the first time. So we define, for all i = 0:

AG, D AL b by L L i ™ i G 5 G 3o D30 050

)r symmetry we also define:

AL Ly din b5

. N O L P S I 5 PO 0 I

i7i71+1°
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o abbreviate notation we shall henceforth denoteshortly, for all i > 0,

def
<>[I]I = <>[1]1[2]2"7[i]i

def
L= = Gilibigdieg-- D=

< € {<,>}, and [I]I = ¢ for i = 0.
o for all i = 0:

A(>,i): >[_1.[. .1 > [, 0]

T i+17i+1 irilri g4

YT SEI U P o IEIRY U s I P

iy execution of A(>,i) on the appropriate unique substring of TO we have

herefore, using the same rewriting denotation as in the previous section:

o t.
TO A(>,l) T 1

ith

0
T = >[1]1[2]2"'[i]i[i+1]i+1[i+2]i+2[i+3]i+3'"

nd

nlL Y P Y P RN s 5 PO . P

i+i i+17i+27142°i+371+3°°°

here ti is the number of steps it takes to execute the mapping A(>,i), to

e specified later, i > 0.
With the head scanning at least five squares right of the center posi-

ion, indicated by " >", the subarray "[i+2]i+2[i+3]i+3" is scanned at time

;» for all i 2 0, while at time t = O the subarray "[]]][2]2" is scanned.




[ON. To achiéve the required interchange of tagg
1s below. Recall that "}j"denotesthe same cell a

7e changed. Similarly for "{j" and "[j". For all

A(>,1i): >[I]I[i+lx - [i+1[I]I>X

Al<,)s =], Ll x<Dpdpds

B(>,i): 1., . [.]

i+1°I

1.1,

>gxe do<bpdd; x

I

B(<,i): x[j<[I]I[i+l - X[i+l[I]I>{j

JCOEDLIS PR o P LS IR P P

C(<,i): 1. [.<C.1.[ > [

35t T+ (]

ie1l1ir}

{

i+l j*1j

D(>,1): >[I]Ix B [IJI>x
D(<,i): x[I]I< e x<[I]I

] [L1.>x

E(>,1i): [i+l[I]I>]i+]x > [i+1 ;10191

E(<,i): x[, <[ 1] > x<[ [, ]

1+]1 "ITI7i+l I°I-i+171i+1

FCo1): Ly Dl d i Do » Lol 20 U

F(<,i): %1, [ (I > x<C 1 [. .1

i+2 i+1< I°1I7i+1 I°I i+17i+1

O T P N R S A

G(<): 1. .[.}.<» }.] [i<

i+15173° 7 T3l

H(): >}j+l{j]i[i+l " >]i[i+l}j+l{j

H(<): ]i+1

J>): >{, . 1.1. »<1.[. ]

i+17i71i+1 1 i+17i+1

T Ll L i by




1.1 <1.0. .3.. .1

RGY: >l bedidier ™ <dihiedin

1+2 i+2

K Libiin b ™ Liaolin din by

'he parametrized functions A through F set the basic pattern to transport
:agged cells from one side of [I]I to the other side. (The index j is always
rreater than i+1). The nonparametrized functions G and H serve to move
linked pairs of) curly brackets through "I[" interfaces. If curly bfackets
ire adjacent to a (linked) pair like "J[" then they have not yet reached
‘heir destination. If curly brackets are adjacent to a pair of square -
rackets of equal type, then they have reached their destination, and are
‘itted in place and changed back to square brackets, by the functions J and
(¢ In the G and H functions, the index j is again greater that i+l. However,
0 make the point once more, the indexes are only put there to aid the
‘eader, The intention of the described rewritings is that the arrays con-
:erned consist of nonsubscripted brackets, each bracket viewed as tagging a
)articular cell, and the rewriting reorders these tagged cells in the array,
md possibly changes brackets from square ones to curly ones of the same
.ype, or vice versa, as indicated in the indexed version above. Note that
W(>,i): Y » Y' and A(<,i): Z » Z' are related by the fact that Z is the mir-
or image of Y and Z' is the mirror image of Y'. With mirror image we do not
lean only the reverse, but the reverse with every constituent symbol changed
0 its mirror image, so ">" to "<", "[" to "1", "[" to "1", "{" to "}" and

'}'" to "{". Similarly for the other functionms.

EMMA 2, For all i > 0, the functions are related as follows:

) A(G,1) = AG,i-1); F(>,i-1)

A(<9i) A(<si-l); F(<’i_l)




)  B(>,i) = B(>,i-1); G(<); F(<,i-1)
B(<,1i) = B(<,i-1); G(>); F(>,i-1)
) C(,1i) = C(>,i-1); H(<); F(<,i-1)
C(<,1) = C(x,i-1); H(>); F(>,i-1)
) D(>,i) = A(>,i-1); E(>,i~1)
D(<,i) = A(<,i-1); E(<,i-1)
) E(,1i) = B(>,i-1); J(<); D(>,i-1); E(>,i-1)
E(<,1) = B(<,i=1); J(>); D(<,i-1); E(<,i-1)
) F(>,i) = C(>,i-1); K(<); D(>,i-1); E(>,i-1)
F(<,i) = C(<,i-1); K(>); D(<,i=1); E(<,i-1)
at 18, 8ix parametrized functions recursively calling
(>,0) and D(<,0) are "no operation''s which don't chan

2em out, cf. below.)

ROOF. For a) through f) we prove one equality each; th

etric. For all i > 0, with Li—jdf—; =€ for i =1 byd
) For x # [:
Ll = PP b=
A(>,i-1)
N LI
F(>,i-1)
il dildp o2 = 4y
) For x # 1:
xhg<lplplyg = xby<Ci 300500
B(<,i-1) (
=======»'x[i[1_1]I_]> j]i[i+1
G(>)
==Ll b




F(>,i-1)
_— X[i+l[i]i[1_1]I_1>{j

= x0; [0t
1ty +1 7 byt by
fell) r, itr-11-17 e G i D
~, = Ll i
Bl STSLIRIE MR Mo FIRLY
= Ll
[l -t dix
2’[1[1-111]
2, it
>x
Loq<t S F PR SR W P P
Bl,i-) o A N PO P PO
o SRS SR AL
LIGTE Sl DR PR SR S 1Y O O
e <ol bidibin i
=x<(_1.[, .1,

I I i+171i+1
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) For x # 1:

Cplpdier = =gl <to 30 035350

x] [i+1< I I 1i+1

i+2[
i)
1 I-1

i+2

1. >} 1.1

I-1 i+2{i+1 171i+1

K(>)

Libierie1 Y540

1;_3.C

I-1"1"1+1

P

1 I-1 i+17142

CIGTE Sl D O

I-17I-1 1t

131013141

]

1+2

= x<[.1.[. .1

I"I 1+1 ]

i+171+2° 0o

]

The mappings D(>,0): >x » >x (x#[) and D(<,0): x< » x< (x#]) are "no
eration" or "skip" instructions. Deleting them henceforth in the expan-—

-on rules of Lemma 2e) and 2f), for i = 1, those become:

B(>,0); J(<); E(>,0)

1 Lemma 2a) E(>,1)

E(<,1) = B(<,0); J(>); E(<,0)

1 Lemma 2f) F(>,]) C(>’0); K(<); E(>’O)

F(<,1) = C(<,0); K(>); E(<,0)

level i expansion of a function X(>,j) or X(<,j), j 2120, consists of
tpanding that parametrized function with parameter j into a sequence of pa-
meter i functions and nonparametrized functions, according to Lemma 2

7rith the "no operation"'s D(>,0) and D(<,0) left out in case i = 0). So if

l); Yél); ...;Yél) is a level i expansion of X(.) then X(.) = Y;l); Yél); .

. Yéi) with Yéi) € {A(>;i),A(<si)’B(>,i>’B(<si)"“’F(<’i)’G(>)’

°9

<)s.0+,K(<)} = {D(>,0),D(<,0)}, 1 < £ < n., We extend the concept in the ob-

ous way to sequences of functions XI(CH ,j]); Xz(oé ,jz); vaes Xm(c31’jm)’

’j2""’jm > i and < 3 s eee, S € {<,>}. For example, the level 0 ex-

1




ansion

he ato
re cal
ells,
ape un
quares
tomic

he var

ocal r

(>,3)

>,3) is found by way of the level 2 and level 1 expansions:

A(>,2); F(>,2)

AG,1D; F(>,1);5 CC,1);5 K(<); D(>,1); E(>,1)

A(>,0); F(>,0); C(>,0); K(<); E(>,0); C(>,0); H(<);

F(<,0); K(<); A(>,0); E(>,0); B(>,0); J(<); E(>,0).

ppings of the level O expansions of the parametrized functions

e local rewriting rules, and govern the switching of the tagged

squares scanned, by the basic steps of the oblivious one-head
Note that a fat head covering four squares left and four

of the displayed center ">" or "<" suffices to execute these
gs. Below we use superscripts to distinguish the identity of

agged cells before and after rewriting.

ng rules:

(>): >{]]2[3 N >]2[3{1
(<): ]][2}3<'+ }3]][2<
): >3233% 57130412
) {11213 » %153
(<): '3« w 013312
) >H {21314 <33r24!
(<): [1[2}3{4< s [4[1]3[2>
(>,0): >[ » [>

(<,0): J<w <]
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1.2

B(>,0): 1'51% » 12<1'x (x#[)

B(<,0): x['<[?w x[2>{! (x#1)
c(>,0): 1157203 » 323!

c(<,0): 1'0%<03 » 35312

EG,00: [11% » 111%x (xD)

E(<,0): x[l<]2 o x<[1]2 x#1)

F(>,00: 151203 (3010%

F(<,0): 1'0%<13 » <(233!
he only use of the context symbols x in the definitions of A(>,1), A(s,1),
(>,i) and F(<,i) was to force a unique expansion into functions with para-
eter j, j < i, according to Lemma 2. Since A(<,0), A(>,0), F(<,0) and
(>,0) are atomic indivisible actions, because the local rewriting rules

hall not be decomposed any further, we do not need these context symbols

t the lowest level.
In the sequel it is useful to talk about well formed arrays, that is,
1e set of arrays from which the consecutive i.d.'s of M are taken.
L) TO is a well formed array.
ii) If T is a well formed array and X(.) is any local rewriting rule, with
the dot standing for any appropriate argument, such that T;éiéi T',
T' # ¢, then T' is a well formed array.

iii) No array is well formed except by (i) and (ii).

ince no mapping either deletes or multiplies a headmarker, i.e., "<" or

>", all well formed arrays contain a single headmarker., By the mutual ex-

lusion of the subarrays they rewrite, if a well formed array T is rewrit-




en to T' # ¢ by a local rewriting rule, then T is rewritten to ¢ by all
'ther local rewriting rules. We now show that a well formed array T is al-
rays rewritten by some local rewriting rule to a another well formed array,
‘hich rewriting rule and array are therefore unique.

Earlier, we observed that, for all i > 0,

. t.
TO A(>gl) T i

£ on); Yéo); Y§0); cos} Yéo) = A(>,i) is the level 0 expansion of A(>,i)
hen, by Lemma 2, there exist well formed arrays T(O) fo),Téo),...,T(o),
(0) o _ .5
= T and T = T 7, such that
(0)
T3-1 J

or all j, 1 < j < n., By the uniquences of application of local rewriting

ules it follows that

(0) X
Tj_]n» ¢
or all j, 1 £ j <n, X# Y§O) and X is a local rewriting rule. Hence each
ell formed array in the sequence T(O) (0),... T(O) has exactly one local
] >"n

ewriting rule which is applicable to it, and the application of this local
ewriting rule yields exactly one next well formed array.
By Lemma 2a we have A(>,i) = A(>,i-1); F(>,i-1) for all i > 0, which

eads to
A(>,i) = A(>,0); F(>,0); F(>,1); ...o3; F(>,i-1)
ith

A(>,0) T
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nd

t. “ 3 t.
F
T J (>,3) T j+l
¥

or all j, 0 < j < i, Define A(>,») by

AG>,=)

]

1imi+m A1)

A(>,0)5 F(>,0); F(>,1)5 weus F(>,1)5 ...

1d the level O expansion of A(>,*) as the infinite, or unbounded, sequence
f local rewriting rules resulting from the level 0 expansions of the con-

tituent functioms F(>,i), i > 0, above. So

4G, = v v L v O

1]

A(>,0); F(>,0); C(>,0); K(<); E(>,0);...

id there exists an infinite sequence of well formed arrays Téo),Tfo),...
© 20 g0

R coe
3 i »

» such that for all j = 1

v{0)
70 1, 1 (0
j-1 J

id for no local rewriting rule X # Y§0) and T # ¢

80 X,
31
-TN Y§O) is the only local rewriting rule applicable to T§93. Consequent-

’s @ machine which wants to execute the sequence of local rewritings of the

'vel O expansion of A(>,»), starting with i.d. TO, needs only to select the

ngle local rewriting rule Y§0), applicable to the current T§93, by
msidering the length 9 subarray of ngz with the current headmarker in the

mter, to obtain the next T§0), j 2 1. From the expansions in Lemma 2




e see that a nonparametrized function of G,H,J,K is always followed by a
arametrized function from A,B,C,E,F in the level 0 expansion of A(>,»). In
single step of M we shall first execute a local rewriting according to G,H,J,
r K, if possible, and then execute -a local wrewritingraccording. to.A,B,C,E

r F, which by the above is always possible, starting with initial i.d. To.
o the oblivious one-head tape unit M at each step shall examine the squares
round the headmarker, and switches tagged cells and head position amongst
he scanned squares according to the only local rewriting rules applicable.
igure 5 shows an initial segment of the sequence of well formed arraysﬂ
éo),TfO),...,Tio),... produced by the schessive execution of the local re-

riting rules in the level O expansion of A(>,*) using the simple procedure

WITCH below.
rocedure SWITCH:

tep 1. Examine the length 9 subarray, centered on the headmarker, of the
current i.d. and switch tagged cells and headmarker position accord-
ing to the single, if any, local rewriting rule from the G,H,J,K,

rules which is applicable. The result is a well formed array T.

tep 2. Examine the length 9 subarray, centered on the headmarker, of array T
from step 1, and switch tagged cells and headmarker position accord-
ing to the single local rewriting rule from the A,B,C,E,F rules

which is applicable. The resultant well formed array is the next i.d..

EMMA 3, Starting from the initial 7.d. TO, a one-head tape unit M, execut—
ng SWITCH at each single step, executes exactly the local rewriting rule
:quence of the level 0 expansion of A(>,»). For each t > 0, in the first
steps M executes this sequence up to and including the t-th occurrence of

local rewriting rule of the A,B,C,E or F type.
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The goal of introducing the present bracket manipulator was to scan

he subarray "[.].[.

] " at least once in each interval of
171 1+l
0(i)

i+1

steps, i 2 0. We can express precisely what the t-th i.d. Tt is. T0 is
he initial array at time t = 0, and Tt results from an execution of SWITCH
m Tt—], for all t > 0. According to Lemma 3, t equals the number of occur-
‘ences of A,B,C,E,F-type local rewriting rules executed. We need to .recog-
1ize "[i]i[i+l]i+1" as being the correct sequence of cells, which, since the
ells are tagged with nonindexed brackets in the manipulator proper, can not
0 by way of identifying the individual cells. For this purpose, the next
.emma establishes a topology for the well'formederrays, Before proceeding, .
re review a few facts about well formed arrays which are pertinent to the
'roof of that Lemma., By definition, and the discussion preceeding Lemma 3,

he set of well formed arrays equals the set {T§O)|j 2 0} defined by the

evel 0 expansion of A(>,»),

o=y, O, (0
A(>, )"Yl ,Yz 535 o0 ey Yi 9 o etle
nd for all i > 1
MO
1O 2,10 ien 7O 2 O
1-1 1 ﬁﬁo

y the definition of the initial array TO, and those of the various preoce-
ures, each well formed array contains exactly one symbol from {<,>} and,

or each i 2 1, exactly one symbol from {[i’{i} and exactly one symbol from
]i’}i}' Recall that the indices are not really there but serve to identify

he individual cells for the reader by distinguishing between the individual

ttached tags.
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EMMA 4. Let T be a well formed array, and let < e {<,>} and

B,y € {0,1,1,}}Y". Then:

]
e
e

i) T=a<>8[j]ky=k

T=a[k]j6<>y=>k=j.

ii) T aoB]j[kY=k

]
]

i+l

H
1

a]k[jBOY=>k j+1

ROOF., We basically prove the Lemma by induction on the sequence of well

(0)

>rmed arrays T » as defined by the level O expansion of A(>,®), j = 0. To

> so, we consider the initial segments TJ.(O)[O: 2(i+1)], j 20 and i > 0,

I
1 isolation and show by the claim below that they internally satisfy the
smma. Viz., in executing the level O expansion of A(>,i) to obtain T = from

) the elements of the sequence of subarrays T(O)[O: 2(i+1)1, T](O)EO: 2(i+1)]

0 goas
t.
PN (?))[O 2(i+1)1, with T(()O) and T(?i) =T l, will be shown to

iternally satisfy the Lemma. Since during the execution of A(>,i) the final

sgment T[2(i+1):=] is not changed at all, and TO satisfies the Lemma, the

lements of the sequence of subarrays T(()O)[Z(i+l):°°], TI(O)[2(1+1):°°], see
r(0)

Ve s a( )[2(i+]):°°] do internally satisfy the Lemma. Because we have an over-

ip of one symbol between Tgo)EO: 2(i+1)] and Tj(o)[Z(iH):t»] for all j,

t. .
<j < a(i) with T(O) TL and T((g) =T l, we can conclude that each well form-
larray TJ.(O) » 0sj=<a(i), satisfies the Lemma. Taking the limit for i- «, that

3, considering A(>,%), it follows that the Lemma holds for all well formed arrays.

AIM, Let, for all i 2 0, X ¢ {A,B,C,D,E,F}, < ¢ {<,>} and T,T' be well

rmed arrays such that X(<,i): Tlp:ql » T'[p:ql, for some p,q > 0 and

X(<,1) 0 0 0

=25 T', and let Yé_'_z, Yé_i_;_, R Yé+)( ) be the level 0 expansion of
-(0)

ey e (0) Y45 (0) . . oy e (0)

< ,1) with T£+j— = T!_+j for all j, 1 < j < x(i) with Tﬂ = T and




.(0) _ o . . . 0. . e s
Pk (i) " T'. Then, for all j, £ < j < L+x(i), T£+j[p.q] internally satisfies

:he Lemma,

'roof of claim. Base case i = 0. Since for i = 0 the procedures are essen-—

:ially but the local rewriting rules, we only have to verify that in the de-
‘initions of the warious functions the subarrays left and right of the arrow

nternally satisfy the Lemma. Note that [I]I def e for i = 0.

mduction, Assume, by way of contradiction, that for some X(< ,1), with

. ¢ {A,B,C,D,E,F} and < € {<,>} and i > 0, the claim does not hold. But in
he execution of the level i-1 expansions, of six of these functions with pa-
ameter i in the proof of Lemma 2, the other six cases being symmetrical,

he displayed subarrays all satisfy the claim. Hence it must follow that a
ondepicted subarray arising in the execution of the level 0 expansion of
ome X'(<',i-1), X' ¢ {A,B,C,D,E,F} and <' ¢ {<,>}, violates the claim.
tegressing in this fashion all the way down to i = 0, we contradict the es—

iblished base case, and the claim is proven. [0 00O
y the discussion preceeding the claim we have established the Lemma. [J[J
EMMA 5. Let T be a well formed array and let < e {<,>} and

Bye {[,1,{,}}". Then

(T

o <>[j]kB or T = a[k]jc>s) = (k 1.

]
(SN
I

ROOF, That k = j follows already from Lemma 4. Considering the level 1 ex—

ansion of A(>,x)

A(>,») = Ygl); Yél); ceos Y§l); cee

nd




with Té]) = TO,

e observe that it follows from the definitions of the

O

hat, for all well formed arrays Tj s ] 2 0, the Lemma

ach A,B,C,D,E,F function with parameter 1 to level O,
0 1
(O 420,

ermediate well formed arrays Tj'

i, j' =

00

he Lemma's show that a certain topological connectedne
exed brackets is preserved throughout the array at all
articular, in each well formed array o < B [j]kEKJmY

= m = j+l. So whenever there occurs a length four sub
he headmarker the tagged cells concerned are in the co
eft to right order. Without further proof we give a mo
:rization of the topology. Let T be a well formed arra

2 1, T satisfies precisely one of the following forms

1= 13
oc[]J]<>B

0L<>[l]]B
ot[1<>]18

a[1>{j]1[2]2...[. 1._.1.8

I=173-173
CISED FT % Y e PO P P Y
I P e
I P S P

.th the obvious modification for j = 2.

C3000 %5 Ty

j=2
B8

v each 1 > 1:

a[i]i[i_18€>y

o= Bl L1y

Is procedures
i« Expanding
:amining the

1ds the Lemm

ween the in-
,» and that,
k = j and
"[IL1"™ right
consecutive
austive char

n, for each

(some jz2)
(some j3z2)
(some j>2)

(some j>2),
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al. B<>Y} {. eeol

6{1]J[J+1]J+1[J+2]J+2""[i 1]1_]] Y (some j<i-1)

ol Biopdi o051

i- ]]J[J+]]J+1[J+2]J+2

i—3""[J+IJJ+1[J}1 ]{ B<>] § (some j<i-1)

a[i[i—l]i—l[i—ZJi 2...[ ] J+] J}lB Y (some j<i-1),

7ith the obvious modification for i-3 < j < i-1. Here:< can be either "<"

r ">" and a,B,v,8 ¢ {[ 1{ }}. Considering the fact that

0 :
T°=>0 10 LI T e

171 1+171+1

ind that, by definition, for i > 0 and t < t

! i ’

t =
T aos]1+][l+2]1+2 -[i+j]i+j[i+j+]]i+j+lcoo’

i 2 3, the formats express, but for the choosing of <> as "<" or ">" the
‘ormat each well formed array Tt can have, by applying in sequence the re-
[uirements for i+l,i,...,l. According to Lemma 4, whenever we scan a subar-
ray "[1[]" right of the headmarker, we know for sure that this is the subar-

"[1]1[1+]]1+1" for some i =2 1. In the next Lemma we give an upper bound

m the number of steps, that is, executions of SWITCH, in between scanning

'[1]1[1+1] 1" right of the headmarker, for all i > 1., To express the timing

re consider expansions of A(>,») of level i, i > 1I:

® 00y s oee

AG,®) = Yfi); Yéi); ;v

nd define for all j = 1

(1) )
;1) ol T§ ) with r$td =10

The level 0 expansion of Y§1) = X(<,1), with X ¢ {A,B,C,D,E,F} and

> e {<,>}, is fixed and, but for the headmarker arguments, is the same
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thether < = < or <> = >, Thus, by Lemma 3, the number of steps of M to

:xecute X(<,i) equals the number of occurrences of A,B,C,E,F local re-

riting rules in its level O expansion, and does not depend on the orienta—

ion of the headmarker <>, or the position j in the level i expansion of
i)

(>,°) where Yj occurs, We denote the number of steps, used by M, to exe-

ute X(<,1i), by TX(i).

EMMA 6. Theve exists a function S: IN + N such that for each t > 0 there is

" t' > t such that for some a,a',B,B' € {[,],{,}-?kand <>,o' e {<,>}

) 1= ael 181" =a'ot (18 and t'-t < S(I).

ii) T¢ = a<>[l]l[2]28 = Tt' = oc'<>'[1]][2]28' and t'-t < S(2).

iii) For all i > 2 and x € {e,{,}{ } there is a x' € {e,{,}{ } such that:
t t' _ i
Tr=ooxd; ol dig bl = T = ete i, Ll 35 [y iRT and

oreover, S(1) = 2 TA(i) + TF(i), for all i > 1, is such a function,

ROOF. Consider the level i expansion of A(>,»), i > 1,

A(>,») = Yfi); Yéi); cee} Y;i);

nd
()

Tgi) hi Tgi) TO
3-1

with Tél) = .
hen T§1) is of the form o <>[I]IB or a[I]I<>B, for all j = 0., All such
(i),
J

s, with Y§l) not G,H,J or K local rewriting rules, are i.d.'s of M. We

estrict attention to thevparticular subsequence T§l), T;l),..., T§l), oo
. 0 1. k

or which T§1) is of the form a<[I]IB for all k > 0 and T§1) = 10, For
k . . . 0

ach k 2 0 there exists a sequence Ygl) H Y(l) H 3 Ygl) such that

3 . 5 eeoy
It g2 I+t
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Jy the use of the recursive expressions in Lemma 2 we can determine all such
jequences. Subsequently, we have to determine which such sequences take the
10st steps to execute. So we first determine TX(i) for all X ¢ {A,B,C,D,E,F}.
‘t follows from Lemma 3 that TX(i) equals the number of occurrences of

\,B,C,E,F procedures in its level 0 expansion. We see from Lemma 2 that:

TA(i) = TA(i—]) + TF(i—l)
TB(i) = TB(i—l) + TF(i~l)
TC(i) = TC(i—l) + TF(i-l)
TD(i) = TA(i~]) + TE(i—l)
TE(i) = TB(i-l) + TD(i-l) + TE(i—l)
TF(i) = TC(i—l) + TD(i—l) + TE(i—l)

nd TA(O) = TB(O) TC(O) = TE(O) = TF(O) = 1 and TD(O) = 0, For this system
f recurrence equations with initial values we find TA(i) = TB(i) = TC(i),

or all i > 0, and consequently TE(i) = TF(i), for all i 2 0, which in its

urn yields TD(i) TA(i), for all i 2 1, Hence for all i > 1:

2) TE(i) = TF(i) 2 TA(i) = TB(i) = TC(i) = TD(i).
i) |, (@) D)
ow let Yj +13 ij+2, evs) ij+1

rasing the G,H,J and K procedures (because they do not contribute to the

be a sequence of functions as in (1).

umber of steps it takes to execute this sequence, by Lemma 3) and replacing
11 E's by F's and all B's,C's and D's by A's (because they take the same
umber of steps for i > 1) the resulting sequences are F(<,i), A(<,i);A(>,1i)
nd A(<,1);F(>,i)3A(<,i). 8o for i = 1,2, S(i) = 2 TA(i) + TF(i) satisfies
he Lemma. For i > 2 we note that, for all k 2 0 (with the obvious modifi-

ation for k = 0 ),
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.th Zi and x one of the following:

Z, e {J(<);A(>,i-3), K(<);A(>,i-3)} and x = €3
Zi = B(<,i-3) and x = {;
Zi e {C(<,i-3), G(<);C(<,i-3), H(<);C(<,i-3)} and x = }{.

!
1 all cases, the execution time of Zi is TA(i—B), which shows that

i) = 2 TA(i) + TF(i) satisfies the Lemma for all i > 2 too. gg

JROLLARY. Let S: IN > N defined by S(i) = 2 TA(i) + TF(i), for all i = 1

lens

)  For each t 2 0 there exists a t', t < t' < t + S(1), such that the

t'-th Z.d. of M has the form Tt' u<[1]]B for some o,B € {[,],{,}
i) For each t 2 0 there exists a t', t < t' < t + S(2), such that the
t'-th Z.d. of M has the form Tt' = a<[1]1[2]28 for some
a,8 ¢ { [,1,{,} 7.

ii) For each i > 2 and t 2 0 there exists a t', t < t' < t + S(i), such

that the t'-th i.d. of M has the form TC = a>x); 0. ]

[i]iB forx

1—-1
some a,8 € { [,]1 (,} Y and x e { e,{,}{ }.

. remains to determine S analytically.

Y2+ 2 “+ﬁ)i+ /}Q
V2 V2

(p/mi, i>1.

MMA 7. S(i) =

‘O0F, From the system of recurrence equations, and the values for i = 0,

. the proof of Lemma 6, follows:




TA(i)’= 2 TA(i—l) + TA(i-Z), for i > 2,

'he solution for this homogeneous equation is of the form TA(i) = ax? + bx;,

'here Xl 2 are the roats of x2 = 2x - 1=0 and a and b follow from
3

'3(1) = 2 and T,(2) = 4. So x =1+ V2 and

1,2
a(1+v/2) + b(1=v2) = 2
a(1+v2)% + b(1-v2)% = 4
ielding a = 1/V/2 and b = -1/v2. Hence \
T, () = + (vl - L (;-/Z)i, i1,
V2 V2

rom the system of recurrence equations, and the identities amongst the

unctions, it appears that TF(i) TA(i) + TA(i—l) whence the expression for

(i) follows. 00O

OROLLARY: S(i) < 3**! fom @77 i

1\

1. Viz., S(1) = 6 and
im, , SE+1)/S(i) = 1 + V2,

. . i+
f course we can obtain that S(i) < 3% ! by a cruder argument. The present

nalysis, however, is quite straightforward and precise. Running the bracket

anipulator on a computer, by way of empirical verification, confirmed the

irst nine values of S.

.4, The real-time simulator

Having set the stage in the preceeding sections, we now tie everything
dgether to obtain the desired real-time simulator.
Let M be a one-head tape unit with a one-way inifinite tape divided in-

> two tracks: the tag track and the count track. The finite control of M
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as a special register containing the initial segment C[0:5] of the array
[0:=] representing the current count as in sections 2.1 -2.2, The single
ead of M covers 14 squares and its position is the intersquare boundary

n the center. Initially, the head covers the leftmost squares, all squares
n the tape contain special blank symbols and the finite control is in a
istinguished Znitial state, in particular C[0:5] contains 0's only. Since
can always initialize previously unscanned squares, still containing
lanks , by keeping a parity bit in the finite control, we assume that the
ape is initially divided in the two tracks as follows. Number the tape
juares from left to right by -7,-6,...,0,1,2,... . Square i, i > 0, con-
ains initially on the count track Co[i+6] = 0 and on the tag track a tag
(", if i is even, and a tag "]", if i is odd. So the initial situation can

> visualized as in Figure 6, with the initial headmarker ">" kept in the

inite control.

FINITE CONTROL

INPUT N OUTPUT 3

C°[o:5] >

STORAGE _HEAD_

L] o] o] me

c°Ls] | Coral C°[12] C°[2i] | C°[2i+]| count KK
1 QY T -

lgure 6.,

: each step the head rewrites the contents in the squares under scan, and

1ifts left, right or not at all. Since the head shifts will be governed by




he local rewriting rules of the last section, the marker ">" or "<", posi-

ioned on the center intersquare borders of the scanned squares, can shift at
1ost two squares left or right in a single step. Whether this marker is ">"
)r "<" can be maintained in the finite control; the initial marker is ">",

Each step of M consists of essentially two parts: first execute COUNT

m the representation of the currently stored integer, check whether this
nteger is zero, and secondly execute SWITCH to switch cells containing di-
jits of the integer representation. The information in the two tracks of a
iquare may be thought of as a cell containing the current digit C[i], which
.s tagged by the tag on the tag track.

To execute COUNT, M inspects the scanned cells right of the headmarker,
0 as to determine I(t) in the t-th step, and also identify the squares con-
:aining C[2i], C[2i+1], C[2i+2] and C[2i+3] for alli e I(t).To this purpose first

'rocedure COLLECT is executed. Let P be the current local tape contents,

I B A AL
.e€s P =

Y1Y2Y3Y4Y5Y6Yy

:he headmarker.

is the tape contents on the seven squares right of

'rocedure COLLECT (P):

Let the seven squares right of the headmarker contain the string
T]Tz...T7 on the tag track and the string YIYZ"'Y7 on the count track,

Then we distinguish essentially four cases:

a) T Ty = [1 & 4T, # [1] = I(t) = {0,1,2} & C[6:7] = a0,
'b) T TyTaT, = (0] = I(t) = {0,1,2,3} & Cc[6:9] = 00,050,
c) T ToTaT,Ts = J0I01 = 1(t) = {0,1,i}, i > 3, & C[2i:2i+3] = 0,00, 0
T TyT4T,T5Tg = {10101 = 1(t) = {0,1,i}, i > 3, & c[2i:2i+3] = 00,00,
T TyT3T,TsTgTy = HICIL]1 = 1I(t) = {0,1,i}, i > 3, & C[2i:2i+3] = 0,050 0
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d) None of (a)-(c) = I(t) = {0,1}.

odulo the correctness of the implications in the definition of COLLECT,
hich remain to be proven, the execution of COLLECT(P) in the t~th step of
both determines I(t) = {iﬂ’iﬂ-l""’il}’ iZ > iﬂ-l >eee > il’ and identi-
ies the locations where C[2ij], C£2ij+1], C[2i§+2] and C[21j+3] currently reside,
< j < £. Since these locations are either under scan on the tape, or in

he finite control, viz. C[0:5], the machine can in the t-th step execute
JUNT (t,8) = UPDATE(iK); UPDATE(iz_]); coes UPDATE(il); INPUT(S) by execut-
ng the consecutive mappings in the decomposition on the relevant subarrays
f C[O:>], without explicitly knowing the value of t. Thus, in each single
tep, starting from the all-blank tape with the initial headmarker ">" posi-
ioned at the left end, the one-head tape unit M will do all of the follow-

lg.
rocedure STEP:

tep 1. Initialize both tracks of right adjacent previously unscanned
squares, still containing primeaval blanks, by writing the correct
square bracket on the tag track (check and update parity count in
the finite control) and a blank "0" in the count track of such a

square,

:ep 2, Execute COLLECT(P),

ep 3. Let the current value of I determined by step 2 be {iﬁ’ik—]”"’i]}

with i£ > i£_1 > «se > 1 . READ the current value of § from the in-

put terminal and execute COUNT (current step, §), that is,

UPADTE(ie); UPDATE(iz_l); 0ss} UPDATE(i1 5 INPUT(S).




tep 4. WRITE "count equal zero" or "count unequal zero" to the output ter-
minal, depending on whether or not C[0] = 0, for the C[0] resulting
from step 3.

step 5. Execute SWITCH, That is, switch the contents of the scanned squares,
considering the combined contents of the tag track and the count track
on a square as a single package. Interchange these packages amongst
squares, shift the head position and change the brackets and head-

marker, governed by the current headmarker, head position on the scan-

ned squares and scanned brackets alone.

'ROPOSITION 4. The constructed one-head tape unit M is oblivious and reaql—ti—

e stmulates the quintessential counter.

'ROOF. The one-head tape unit M is oblivious since the headmovement is go—

erned by the tag track, and the headmarker, independent of the input. At-

aching imaginary indexes i = 3,4,... to the initial tag track contents, a shif

f 2 from the ones in the initial i.d. in the previous section, the executions

WITCH preserve that pairing of C[2i} with opening bracket indexed i and

f C[2i+1] with closing bracket indexed i, i > 3. Since C[0:5] resides im-
obile in the finite control, Lemma's 2-5 ensure that the identification of
rray elements by COLLECT(P) in each step remains correct under the inter—

hange of the mobile array elements of C on the .count track by SWITCH. In

he t-th step, for all t > 1, COLLECT(P) determines the value I(t) of the

arameterselection function I, as well as the high to low order of elements

1 I(t). By Lemma 6 and Corollary, for eacht > 0 and each index i > 2,

here exists a step t', t < t' < t + S(i-1), such that i ¢ I(t'). By the de-
inition of COLLECT(P), {0,1} ¢ I(t) for all t > 1. Since it follows from

:mma 7 that S(i-1) < 3% for all i > 2, the oblivious one-head tape unit M
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eal-time simulates the quintessential counter by Propositions 2 and 3. [J

Let C be any k-counter machine, k > 1, Clearly, C can be thought of as
finite control connected with k quintessential countersSI,Sz,...,Sk. At
ach step the finite control of C reads an inputcommand from the input ter-
inal if it is in a polling state, checks each Si’ 1 <i <k, for zero con-

ents, and governed by this information issues input commands "add &i",

; € {-1,0,1}, to each S:» 1< i < k, and writes an output string to the
utput terminal. In the spirit of Proposition 1, we can real-time simulate
by an oblivious one-head tape unit MC’ which is just like M, but with k

I
ount tracks (one for each quintessential counter) and one tag track. Storing
he first six digits of the representation of each count in the finite con-

rol, which is connected to the input- and output terminals through C's ori-

inal finite control, we finally obtain:

HEOREM, Fach multicounter machine can be real-time simulated by an obli-

Tous one-head tape unit using logarithmic space.

ROOF. By Propositions | and 4. That the space used is logarithmic in the
imulated number of steps follows since the head is centered immediately

eft of the square containing tag "1. ." for the first time after executing

i+1
(>,1), which takes TA(i) steps. To clean up some final details: we can get
id of the fat head, covering 14 squares and sometimes shifting its center
wo squares in a single step, by cutting out a piece of tape of 14 squares
nd buffering it in the finite control. The remains of the tape are glued

:ogether and the contents of the buffered piece are swapped from the buffer to

he scanned tape square and vice versa, according to the desired head mo-

ion, cf. the speed up technique in [3]. [




n the required bits. Although the preceeding simulation and its proof may

ot seem easy, the algorithm which does the work is pretty simple. As it
appens, we are also frugal in the number of bits. On information theoreti-
al grounds we require about k 10g2 2n bits to represent any k-tuple of in-
egers of absolute values up to n. In the exhibited simulation, we can use
our bits for each digit of a count, need not more than 1og2n digits for

ach count, and since there are but four tags, each tag can be enco&ed in

wo bits. Therefore, we use at most about (4k+2) 1og2n bits to represent k
ounts of absolute values at most n. By restricting the most significant non-
ero digit to absolute value 1, and appropriately modifying the mappings
PDATE and INPUT, everything goes through as before but

ode(c) ¢ {-2,-1,0,1,2,—7,5,T}w,c € Z. Thus we only have to use (3k+2) logz-n
its to represent k counts of absolute values at most n. Using only digits
rom {-2,-1,0,1,2,0} also suffices, but complicates the proof. How good a
eal-time algorithm is can be measured in the size of the storage alphabet
sed. Realizing that actual machines use a constant size storage alphabet,

e observe that a large, although finite, storage alphabet in an algorithm
mplies a greater constant delay. That is, the reverse of a speed-up by de-
reasing the alphabet size. At the cost of a detoriation of the constant
elay, implicit in the real-time solution presented, we can do better than
sing (3k+2) 1og2n bits. Using in sections 2.1 and 2.2 an analogous redun-
ant symmetric r—ary representation, based on the digits

r, -r+l, ..., -1, 0, I, 2,..., r=1, r, we can get the bit count down to
bout (1 + 4 / 1og2 r) k 1og2 n bits for maintaining k counts of absolute
alue at most n. The implicit constant delay, however, rises proportional to
ogr.In the limit, for r—=, we achieve about the information theorical mini-

am in bits, but the constant delay goes to infinity, that is, it takes in-
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inite time to execute a single step.

Note, however, that for no fixed finite storage alphabet a real-time si-
ulation of but a single counter on an oblivious multitape Turing machine can
each the information theoretical bit minimum. Such a simulation must use
(log n) size representations for counts of size n, and we can argue that
or each n there must be at least log n representations. Hence we use at

east 1og22n + 1og210g n bits per count.

n_the size of the fat head. In the simulation a head covering 10 squares

uffices, which can be shown by a slight complication of the proof. Also,

he head shift in a single step of M need not exceed one square.

1 the initially zero counts. As argued subsequent to the proof of Proposi-

ion 3, the assumption of initially zero counts is not essential. The Theorem
olds also for multicounter. machines with each count initialized to an ar-

itrary integer.

. CONCLUSION

For various theoretical and practical reasons, multitape Turing ma-
hines, restricted in one or more resources, serve as a standard against
hich to calibrate the power of other devices, or to compare the power among
hemselves under different resource restrictions. The commonly considered
esources are time, space, number 6f:tapes/storage heads and oblivious ver-
us nonoblivious. The present simulation is, perhaps, the first one which is
ptimal in all of these resources at once: the use of no resource can be
mproved by relaxing on the other resource restrictions. Apart from the
act that the simulating device is real-time, oblivious and uses but a

ingle storage head, it is worthwhile to recall that there do not exist
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m-line Turing machines using S(n) ¢ o(log n) space, S(n) unbounded [ 4 J.
’hus, the simulation is performed by the simplest (with respect to the con-
iidered resources) Turing machine which is not an outright finite automa-
:on. Another resource, which is sometimes considered, is the number of head
‘eversals. Again, it is easy to see that each multitape Turing machine
leeds, in the worst case, a linear number of head reversals to on-line simu-
.ate a counter machine, as does the presented simulation. (Although a multi-
lead Turing machine can simulate a multicounter machine without head rever-
.als [8], the simulation of such a device by a multitape Turing machine
|

leeds a linear number of head reversals,)

ome immediate applications. In a computation using k stacks we may want to

.eep track of which pairs out of the k stacks are of equal height at any
ime. Without slowing down the computation, we formerly needed k-1 stacks
‘'or doing so. Using the present method we need but one extra oblivious one-
iead tape unit, or two extra oblivious pushdown stores. A single pushdown
‘tore does not suffice. Similarly, we can keep track of the headpositions

n multihead Turing machine computations,

umber representations. The reader may appreciate the following comment of

ohn Locke on the intimate relation between counting and number representa-
ion. "For he that will count 20, or have any Zdea of that number, must
now that 19 went before, with a distinct name or sign for every one of
hem, as they stand marked in their order; for whenever this fails a gap is
lade, the chain breaks and the progress in numbering can go no further. So
hat to reckon right, it is required: (1) that the mind distinguish care-

ully between two Zdeas, which are different one from another by the addi-
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:ion or subtraction of one unit; (2) that it retain in memory [a systematic
iethod for derivingl] the names or marks of the several combinations, from
n unit to that number, and that not confusedly or‘at random, but in the
:xact order that the numbers follow one another; in either of which, if it
.rips, the whole business of numbering will be disturbed, and there will re-
1ain only the confused Zdea of a multitude, but the Zdeas necessary to dis-
:inct enumeration will not be attained to., "

The one and only basic reason to denote numbers at all is for the pur-
ose of comparing then, of whether the one is greater than the other, for
rithout this capability no arithmetic is Eossible and with it all arithme-
ic is possible., Thus we must be able to distinctly represent all numbers,
nd if we have representations for all numbers up to a given one, then we
wst be able to derive the next one, or previous one, from the given one,
hile having a designated point of reference or benchmark number. This is
he task expressed in the notion of a counter machine, and multicounter ma-
hines enable us to do arithmetic. The exhibited optimal implementation em~
odies a new representation for multituples of integers suitable for exer-

ising that basic activity using minimal resources. Thus, for each

k . .
.= (n],nz,...,nk) € Z , k 21, each such representation for n consists of
. linear string of symbols, and is about as compact as possible. Such a re-
resentation has a distinguished access position p, and by considering only

he, say, three symbols centered on the access position we can

i) add any vector § = (61,62,...,6k) € {—I,O,l}k to n to obtain such a
representation for n + § ;
ii) for all i, 1 < i < k, determine whether n, + Gi = 0;

1ii) determine the new access position p' e {p-1,p,p+1}, which is also in-

dependent of n and §. In m successive additions the distance be-




tween the leftmost and rightmost intermediate access pointer position
is O(log m), for all m > 1.
Jote that Gray codes, as representations of integers, have vaguely similar
>roperties for the case k = 1. There, the representation of n * 1, n ¢ Z,
:an be obtained from the representation of n by changing a single symbol.
lowever, the symbol in the representation which must be changed to obtain
1+ 1 from n can lie arbitrary far from the symbol which must be changed to
>btain n - 1 from n. Moreover, these positions depend on n and whether we
1dd or subtract, and do not allow us to test n for 0. The representation de-
civable from the simulation in [1] is closer to the one above, for the case
I
¢ = 1, but the new access position p' in (iii) depends on n and §. None of
chese representations have any of the properties (i)-(iii) in case k > 1.

further researchmay go in the direction of:

lugmented counter machines. Apart from the basic one-step multicounter com-

nands, several other one-step commands can be synthesized using conceiled
wxiliary counters, such as tests for equality amongst counters (by main-
:aining all differences on auxiliary counters). It is known [2] that the com-
nands '"set counter i to zero" or '"set counter i to the value of counter j"
(i#j) can not be synthesized as one-step instructions on a multicounter ma-
hine. At the end of section 2.2 we noted that the requirement of initially
:ero counters was not essential for the present simulation. It can be proved
(elsewhere) that with a suitable embellishment the present simulation can al-
30 support the one-step instruction "set counter i to the value of counter
i" (i#j). Define an augmented counter machine (ACM) just like a multicounter
1achine but with the one-step input command "set counter i to the value of

:ounter j" (for any pair of counters i,j) added and any initial counter con-
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‘ents in Z allowed. Such a machine can execute quite powerful instructions
n one step., For example:

L: ©f (x<y & y=2c) then (x<z; z<d) else (x<y; goto L") fi

ith x,y,z integer variables, c,d integers and L,L' labels, is a one-step

nstruction for an ACM,

HEOREM. Each augmented counter machine can be real-time simulated by an ob-

ivious one-head tape unit in logarithmic space.

niform space complexity. Viewed in space~time, the bracket manipulator head

escribes an interesting curve. This is perhaps best expressed by stating
hat the two dimensional space-time trajectory described by the centre of

he greatest tape segment, delimited by brackets with indices j, j' <1, is
he same as that described by the centre of the greatest tape segment, deli-
ited by brackets with indices j, j' < i-1, i > 1, subsequent to multiplying
he time scale of the latter by S(i)/S(i-1) and the space scale of the latter t
/(i-1). This shows that the number of distinct squares visited in each time
nterval of n steps, for all n 2 1, is 6(log n). Generalizing this observa-
ion, we say that a multitape Turing machine Muses uniform Llogarithmic space
f, for any unbounded input sequence, the total number of distinct squares,
isited on M's storage tapes, for each interval of n steps, for all n > 1,

s 0(log n)., It can be shown (elsewhere) that each multitape Turing machine

sing uniform logarithmic space can be real-time simulated by an oblivious

ne-head tape unit using uniform logarithmic space,

blivious simulations. It seems to us that also the converse of the maxim

2ading to Proposition 1 holds generally. Viz., if we can simulate arbitra-




7 many storage devices by a fixed number of, possibly different, de-

ices then we can do so obliviously retaining the same resource bounds. The
oint here is that if the multitude of head movements of an arbitrary num-
er of heads can be accommodated by the motion of a fixed number of heads,
hen there is no reason to suppose that any trajectory of the latter can

ake significant use of particular input streams.,
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